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Empowering Student Presentations 

Susan Norton-Scott 

Abstract: When I was a young student, I remember watching classmates solve math 

homework problems on the chalkboard (Yes, I’m that generation!), and thinking, “Why do I 

have to sit through this when I already got the right answer?”  My attention often wandered 

during math class which for me, was often boring. Years later, as a teacher of mathematics, I 

recognized this same mindset in the facial expressions and lackluster energy of some students in 

my classes.  This realization motivated me to experiment with new ways to develop 

mathematical understanding, and to devise a method that thoroughly engages students.  Using 

the 5-step method described in this article, students “run the class” and my role is to be the 

“guide on the side.”  

Rather than focusing on the “one correct 

way” to solve a problem, the goal for the class is to 

generate many different ways to solve the 

problem, in the allotted amount of time. All 

students participate, regardless of whether they 

successfully solved the problem at the start, or not. I 

was astonished when students generated four, five, 

or even six different solution approaches, some of 

which never crossed my mind.  My jaw dropped 

when the number of solution methods reached nine. 

The “world” record was 11!  To commemorate their 

achievements, I took photos of the students with 

fingers raised to indicate the number of solution methods. Behind the students is the board 

covered with numbers, diagrams, and formulas –their solution approaches. 

I shared this method with several elementary and middle school colleagues, many of 

whom now use this technique to review homework and test performance. They reported that, 

although it takes time to teach students to search for alternate solutions, this method is definitely 

worthwhile because of the consistently high levels of student engagement it engenders.  One 

teacher reported that when employing this technique, her principal stepped into the room to 

FIGURE 1. Students show they found 

six ways to solve the problem. 
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briefly observe the lesson. He stayed for the entire period!  He then shared his positive 

impressions with all other staff at the next faculty meeting, which embarrassed her, but in a good 

way. 

 

SETTING THE SCENE 

Returning student work 

While correcting and recording results of math 

problem sets or tests, make no marks on the papers.  

Instead, record a fraction that shows the number of 

correct responses with no indication of which problems 

were solved correctly. (This really captures students’ 

attention!) 

As well, circle one problem on each test or 

homework assignment (See Figure 2.)  This is the 

problem that the student is assigned to present to the 

class in collaboration with other students who are also 

assigned that problem. To enable this activity, it is 

important for students to have access to the scratch 

paper they used originally to work out the solution. 

Assigning groups 

I really enjoy the “social engineering” aspect of assigning groups. On some occasions, I 

pair a “smart student” who has an incorrect answer with struggling students, one of whom may 

have the correct answer.  Or, I’ll group a shy student with a correct answer with boisterous 

students with incorrect answers. Occasionally an entire group will discover that none of them has 

the correct solution.  (Manipulative, isn’t it?) 

“But what if the group presents the problem incorrectly?” you ask.  I consider that the 

best possible situation because it offers the richest teachable moments.  Keep reading. 

Preparation Time 

Because the problems to be presented are circled on all papers, those with same number 

will move to sit together. Ideally, there are no more than 5 students in each group.  

FIGURE 2. Example of a problem 

selected to be presented. 
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Once students are in a group, their job is to present the problem and its solution to the 

class in such manner that each person in the group shows part of the solution and all 

students speak.  Typically the conversation starts with “Who has the right answer?”  Nobody is 

sure at the start, but they have 10 minutes to be ready.  I check in with groups but don’t help 

them unless the struggle seems overwhelming. 

 

PRESENTING THE PROBLEM 

Behavioral Expectations of the Audience and the Presenters 

• The audience must be silent during the presentation and look at the speakers. 

• Presenters need to stand straight and not lean on the board. 

• Speakers must speak loudly so all can hear.  

• Presenters must record numbers and words on the board that are large enough for all to 

see. 

• Presenters do not to turn their backs to the class for more than a few seconds. 

 

The 5 Action Steps for Group Presenters 

1.  “Who wants to read the problem?”   

The presentation group gains the attention of classmates and then selects one student in 

the class to read the problem aloud. 

2. Presenting the Solution 

Group members take turns showing their group’s solution, with each person contributing 

a part to the solution. If someone does not participate in the presentation for any reason, 

that person is required to answer at least one question posed by classmates. 

3. “Are there any questions?” 

After a solution has been reached, group members open the floor and respond to peer 

questions.  If there are no questions, I raise my hand and ask one of my “stand-by” 

questions, like, “What do you think the most common incorrect answer might be? Why?” 

or “What vocabulary did you have to understand in order to solve the problem?”  

If the group’s solution is incorrect, I smile to myself, sit back, and let the process unfold.  

I remain silent during the incorrect solution presentation. At the conclusion, the student 

audience is usually ready to let loose and critique.  To do so, they must phrase their 

“objections” in the form of questions (not always easy!).  This requirement compels 
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respectful, civil discourse, and avoids any students feeling “picked on.”  Given the 

opportunity, classmates want to “enlighten” the group of presenters so that they are able 

to revise their solution without teacher participation.  It is a joy to observe students 

engaged in this process.  (Of course, I will ask probing questions to get them on the right 

track, but only if absolutely necessary.) 

On one occasion, my students debated over a single problem for three class periods!  It 

was both entertaining and frustrating to witness, but at the end of the year, students 

reported that the exchange was the most memorable math experience they ever had. 

4. “Did anyone do it a different way?” 

After all questions have been answered about the 

group’s solution, the floor is open for additional 

input.  If an audience member solved the problem 

a different way, that student walks to the front of 

the room, describes the alternate solution method, 

and asks, “Does anyone have any questions?” 

Hint:  It helps to use markers of different colors 

for each method in order to focus on the 

commonalities and differences in approaches. 

It’s also helpful to label the strategies that are 

employed, as for example, make an organized list, draw a diagram, and work backwards. 

The question is repeated again and again until no new methods are suggested.  (The 

teacher is welcome to contribute too.)   

Looking for alternate ways to solve problems starts to become a habit with the students. It 

is not uncommon for other classes in the school to try to break the classroom record for 

the greatest number of solution methods.   

Not all problems lend themselves to different solution methods, of course, but I’ve often 

been surprised at the variety of ways students think about how to solve problems. 

 

 

FIGURE 3. Students show they found 

eight ways to solve the problem. 
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5. “Which group wants to go next?” 

This is the transition question, to get another group to present a different problem. 

Sometimes I need to remind students to mark their own papers so they will know which 

problems they got right and which they got wrong, and to be sure that their “fraction” is 

correct. 

 

REFLECTION 

At the end of the class, I ask students to record “Advice to Myself” on the top of a piece 

of paper, and in one sentence, summarize a tip they’d like to remember in the future.  This could 

be: 

• A reminder to continue to do something that worked. (“Double check my arithmetic.”) 

• A reminder to avoid a pitfall. (“Read the question slowly and carefully.”) 

• Don’t forget a critical piece of information. (“One is not a prime number.”) 

• A note about presenting more effectively. (“Talk louder and stand up straight.”) 

• A prompt about their attitude.  (“The first answer I get is not always the correct one so don’t 

be over confident. Try solving the problem another way.”) 

 

RESOURCES 

Below are four problems that lend themselves particularly well to being solved in a 

variety of ways. (They were the genesis of the three photos in this article.)  You might consider 

Inserting one or more of these into a problem set you already use. 

1. Emma has 4 more quarters than nickels.  The total value of her coins is $3.10.  How 

many nickels does Emma have? 

 

2. Aaron, Becky, and Chris are wearing different color shirts. One is red, one is yellow, and 

one is white, though not necessarily in that order.  Aaron is not wearing the yellow shirt.  

Becky says to Chris, “I like your white shirt.”  What color is Becky wearing? 

 

3. The Patriots and the Giants played football.  The sum of their two game scores was 44.  

The Patriots beat the Giants by 20 points.  How many points did the Patriots score? 

 

4. Peter has one of each of the following coins in his pocket:  a penny, a nickel, a dime, a 

quarter, and a half-dollar. Without looking, he takes four of these coins out of his pocket, 

and calculates their total value.    How many different total amounts of money are 

possible? 
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These problems came from the Math Olympiads for Elementary Students program, at  

www.moems.org.  Similar problems are available from the MOEMS website, under the General 

Information tab: “Samples” and “Problem of the Month. 

 

FINAL THOUGHTS 

There are a couple of additional benefits to 

empowering students to give presentations. Students 

often explain and connect critical concepts in a 

different way than I would (often more effectively).   

Watching my students “teach” made me appreciate the 

diverse ways that my students’ reason, and I often felt 

humbled after hearing some surprisingly intense and 

sophisticated exchanges about mathematics.  

Working effectively in groups is another 

critical skill that students need to practice.  As future 

employees, students will rarely get to choose with 

whom they work. Regardless of career choices, students will need to communicate their ideas 

clearly and convincingly to others who may or may not agree with them.  The process described 

in this article provides a safe opportunity for students to refine their communication and debate 

skills. 

I sometimes wonder what would have happened had my own math teachers integrated 

social interactions with math more effectively.  Certainly, my attitude would have improved and 

perhaps my academic performance would have been more noteworthy.  However, without my 

own poor experiences as a young math student, I would not have been motivated to develop a 

new way to engage students in the study of mathematics. My feelings are in concert with Guy 

Gaviel Kay’s observation in his novel Tigana. “There are no wrong turnings. Only paths we had 

not known we were meant to walk.” (1990) Being a “guide on the side” math teacher in a 

student-driven classroom of energetic youngsters was not the path I thought I’d ever be on as a 

child, but it has certainly been a rewarding one. 

 

 

FIGURE 4. Students show they found 

nine ways to solve the problem. 

http://www.moems.org/
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Recognizing the “Whole” in Fraction Problems 

Henry Borenson 

Abstract: It is important for teachers to understand the reasoning behind a student’s 

solution, even if at first glance the solution seems incorrect. Indeed, the solution may reveal an 

alternative, but valid, reading of the problem, and a correct solution to that reading. In this article 

the author considers a student’s solution to a fraction problem in which the student considered 

the whole to be a composite quantity.  This led the author to wonder if elementary students could 

successfully deal with problems in which the whole is a composite quantity. An experiment 

conducted with a fifth grade class suggests that students may have little exposure to such 

problems. 

 

Why Understanding Unexpected Solutions Is Important 

In an eighth-grade class I presented a picture of a parallelogram and asked the students 

what they could tell me about the opposite angles. Alyson, an average student, volunteered that 

they were equal. I then asked how she knew. She said, “Because they are alternate interior angles 

of parallel lines.” This surprised me. My first thought was, How could she say something like 

this? But I put that aside and simply asked if she could explain what she meant. 

Here’s what Alyson said: “If you roll over the parallelogram onto itself to form a tube, 

then those opposite angles become alternate interior angles of parallel lines.” Now I was baffled. 

After all, this class was not studying solid geometry, and yet Alyson wanted to take the 

parallelogram into three dimensions and form a cylinder. I noticed that other students began to 

smile. Then I heard exclamations from various students: “Yeah! Yeah!” and “I see!” and “She’s 

right!” Soon it seemed as though the entire class understood what Alyson was trying to tell me. 

And I, the teacher of this average class, was trying to catch up. 

The thing that remained at this point was to carry out the experiment. A student drew a 

large parallelogram on a piece of paper and then cut it out using scissors. The moment of truth 

arrived. We rolled the figure to make a tube, and there it was: The opposite angles of the original 

parallelogram did indeed create alternate interior angles of parallel lines. 
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FIGURE 1. Opposite angles of the rolled parallelogram become alternate interior angles 

of parallel lines when the form is folded into a cylinder. 

 

Fortunately, by this point in my teaching career, I had developed the habit of inquiring 

into the thinking behind students’ responses rather than simply dismissing responses that, on the 

surface, appeared to be wrong. In many cases I discovered that students corrected their own 

errors as they attempted to verbalize their reasoning. In other cases, such as the example above, I 

was pleasantly surprised by a new mathematical insight coming from a student. 

The instance above came to mind recently when I read an article in the journal, Teaching 

Children Mathematics, by Pitsolantis and Osana (2013) about the teaching of fractions. I was 

particularly intrigued by their discussion of this problem: “Alexa ate two-sixths of a chocolate 

cake and Steven ate three-sixths of a strawberry cake. How much of a cake was eaten together?”  

Michelle, a sixth grade student, came up with the answer of 
5

12
 and provided the picture and 

explanation shown in Figure 2. 
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FIGURE 2. Michelle’s solution to the cake problem. (Reproduced with permission.) 

 

The authors commented about this solution that Michelle “made the error of adding 

across both the numerators and denominators to get her answer of 
5

12
.” They went on to say, “Her 

explanation and her symbolic procedure point to a lack of understanding of both fraction 

concepts and procedures used to add fractions” (p. 23). 

Keeping in mind Alyson’s unusual but correct solution to the problem involving opposite 

angles of a parallelogram, I decided to examine Michelle’s solution to see if there might be 

another way of looking at her thinking. 

First, I looked at her drawing. I noticed that the two original circles, representing the 

chocolate cake and the strawberry cake are equal in size to each other but are smaller than the 

“combined cake” that she references in her explanation. I also noticed that the fraction 
2

6
 is noted 

in reference to the smaller chocolate cake, 
3

6
 for the smaller strawberry cake, and 

5

12
  for the 

combined larger cake. 

We can express her thinking mathematically: If we consider the combined cake as the 

whole and each smaller cake as half of the whole, then her equation reads as follows: 

2

6
(

1

2
) +

3

6
(

1

2
) =

5

12
(1) 
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This is clearly a true statement because: 

2

12
+

3

12
=

5

12
 

 

We might wonder what prompted Michelle to combine both cakes. We are not able to ask 

Michelle, but we can make an educated guess that the lack of clarity in the statement of the 

problem led her in that direction. The problem asked, “How much of a cake was eaten together?” 

The phrase “a cake” might have led Michelle to conclude that the cake was one formed by 

adding the two smaller chocolate and strawberry cakes together. This larger, combined cake 

would consist of the six slices from each of the two smaller cakes, or a total of 12 slices. 

From this point of view, a different perspective emerges of Michelle’s ability to 

understand and work with fractions. We can no longer say, as Pitsolantis and Osana concluded, 

that she does not understand “fraction concepts and procedures used to add fractions.” On the 

surface it may appear as if Michelle is adding fractions by adding across the numerators and the 

denominators, but a closer examination of her equation, diagram, and explanation reveals 

otherwise. 

 

Will the Real “Whole” Please Stand Up 

After going through the above analysis of Michelle’s solution—where the “whole” was 

neither of the given cakes—but rather a composite quantity, the question arose in my mind 

whether elementary school students would be successful with a problem specifically structured 

so that the whole would be a composite quantity. I found a private school in New Jersey that 

provided me with a fifth-grade class willing to participate in a fractions lesson through a webinar 

because at the time I was not available for an actual classroom visit. 

From prior experience I had found the use of pattern blocks to be a powerful tool for 

working with fractions. Consequently each student was given a set of pattern blocks for our 

lesson (see Figure 3). First, I verified that the students could recognize the value of the fractional 

pattern blocks, considering the yellow as the whole. The red block is a half, the blue block is a 

third, and the green block is a sixth. 
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FIGURE 3. Pattern Blocks  

 

Together we noted that two green blocks were equal to one blue block (
2

6
=

1

3
) and that 

three green blocks were equal to one red block (
3

6
=

1

2
). Finally, I verified that they could add 

fractional parts of the same whole. 

Next, I posed the following problem: “The Wyman Electric Company was going through 

tough financial times. Mr. Carson, one of the engineers at the Wyman Electric Company, 

normally gets $600 a month salary. However, due to the financial difficulties, the company could 

only pay him 
2

3
  of his wages in January and 

1

2
 of his wages in February. Altogether, what fraction 

of his regular wages did Mr. Carson receive for these two months?” 

The students were encouraged to work in groups of two or three and were given five 

minutes to come up with a solution and an explanation. Without exception, all of the students in 

the class added the given fractions to get the answer of 1
1

6
  . Interestingly, even the four groups 

of students who calculated the total salary earned for both months at only $700 (instead of the 

usual $1200), still had 1
1

6
 as the answer, not recognizing that their answer was greater than the 

whole, whereas Mr. Carson earned less than his regular salary for these two months. 

One group of students displayed the fraction 
7

12
  as well as 1

1

6
 , apparently not able to reconcile 

the two (see Figure 4). 
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FIGURE 4. A group of three students were not able  

to reconcile their answers of 1
1

6
  and 

7

12
 . 

 

Regarding this problem, the onsite coordinator, Daniel Jaye, commented: 

As I circulated among the students, they all showed me 
2

3
+

1

2
=

7

6
  and 

asked me if that was correct. I pointed to the equation that they wrote and said, 

“Yes, this equation is correct.” However, they did not ask if this was the solution 

to the verbal problem. Instead they were only focused on the fraction addition and 

not the feasibility of their answer. Those few students who calculated each 

month’s salary were able to see that Mr. Carson was paid $400 the first month 

and $300 the second month. Thus, they could more easily see that he earned a 

total of $700 out of a possible $1,200. However, they still gave the wrong answer 

because they could not reconcile how the fraction addition could be wrong. 

The students’ inclination to rush through the problem without carefully 

thinking about it resulted in all of them giving the wrong answer. However, when 

they were advised to use the pattern blocks (after getting the wrong answer), there 

was the Eureka moment when many of them realized they needed to consider both 

months and use two yellow blocks to represent the whole.  By placing the two blue 

blocks (1/3 each) on one yellow block and a red block (1/2) on the other yellow 

block, it became clear that they had covered 7/12 of total area (see Figure 5). 

Hence, over the course of the two months, Mr. Carson received 7/12 of his 



Return to TOC 

Spring 2014              OnCore 15 
 

normal salary. There was a palpable sense of relief when this understanding was 

confirmed by the instructor. Finally, those who did the monetary calculation had 

an answer that matched the pattern block answer. 

 

FIGURE 5. This model enabled the fifth-grade students to realize that 

 Mr. Carson received only 
7

12
 of this normal salary over two months. 

 

The result of this teaching experiment suggests that elementary school students may not 

have sufficient exposure to problems where the whole is a composite of given quantities. The 

eventual success of the students in this instance further indicates that they can benefit from 

exposure to such problems. 

Following are four additional problems that a teacher might provide to his or her 

elementary school students to help them recognize the real whole. The visual nature of the 

pattern blocks can be helpful in solving these problems. 

 

1. In the problem with Mr. Carson, in the third month he received his normal salary. What 

fraction of his normal salary did he receive from January through March? 

 

2. From 2
1

2
 cups of yogurt, how many servings measuring 

1

3
 cup can you prepare? How 

much yogurt is left? 

 

3. How much is  
1

3
÷ 2

1

6
= 

What is the whole in this problem? 

 

4. Ramon has a collection consisting of two jars of marbles. Each jar has 60 marbles. In one 

jar he has 50 yellow marbles. In the other one he has 10 yellow marbles. What fraction of 

his collection are yellow marbles?  
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In summary, it is important for teachers to understand the reasoning behind student 

solutions, even if at first glance the solution seems incorrect. In some instances, the teacher will 

be pleasantly surprised by a new mathematical insight coming from the student. In other cases, 

understanding the student’s reasoning can lead the teacher to develop problems to specifically 

target a focus area, such as determining “the whole” in verbal problems where that whole is a 

composite quantity. 

 

A note of thanks: 

I would like to thank the Solomon Schechter Day School of Bergen County, New Jersey, 

and its chief academic officer, Daniel Jaye, for providing the class for this study. 
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Why You Never Win the Lottery 

Brian Beaudrie 

Abstract: Being quantitatively literate means more than being able to calculate.  A 

quantitatively literate person understands numbers in context, is able to make inferences about 

relationships among numbers, and can communicate effectively with numbers, regardless of their 

magnitudes. By contrast, few people understand and can work with very large or very small 

numbers.  This article presents activities designed to enhance students’ abilities to understand 

very large and very small numbers.  The activities involve real-life contexts, including the U.S. 

national debt (a very large number) and the probability of winning the Powerball® Lottery (a 

very small number). 

 

Introduction 

Although many politicians and educators speak of ensuring that students in our schools 

are “quantitatively literate,” their ideas of what “being quantitatively literate” truly means often 

miss the mark.  As pointed out by University of Delaware Sociology professor Joel Best (2008), 

“Because mathematics instruction is organized around principles of calculation, calls for 

quantitative literacy tend to assume that students are not sufficiently adept as calculators, and 

that they need to beef up their calculating skills.” (Page 126) 

Being quantitatively literate is not about becoming better human calculators.  A 

quantitatively literate person understands numbers in their contexts, and how they relate to other 

numbers in the same context.  They understand the importance of a number as it relates to the 

situation under study, make inferences about the situation, and communicate effectively with 

numbers.  Quantitative literate people are able to use numbers to solve real-life problems and to 

make informed decisions.  As stated in Mathematics and Democracy: The case for Quantitative 

Literacy (Steen, 2001), “Quantitatively literate citizens need to know more than formulas and 

equations. They need a predisposition to look at the world through mathematical eyes, to see the 

benefits (and risks) of thinking quantitatively about commonplace issues, and to approach 

complex problems with confidence in the value of careful reasoning. Quantitative literacy 

empowers people by giving them tools to think for themselves, to ask intelligent questions of 
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experts, and to confront authority confidently. These are skills required to thrive in the modern 

world.” (Page 2) 

The importance for people to be quantitatively literate cannot be overstated.  Our society 

has become increasingly “numbers driven” over the last half century. We are constantly 

bombarded with data and statistics through various media (TV, radio, Internet).  Possessing 

quantitative abilities as those described above will allow people to make sense of these numbers, 

function at a higher level in everyday life, understand more about the world, and overall, to have 

a higher quality of life and a higher standard of living. 

How large is large?  How small is small? 

One aspect of being quantitatively literate is the ability to understand very large and very 

small numbers.  In general, people are fairly numerate when it comes to “regular” numbers, as 

these are usually values they have gained familiarity with over their lifetimes.  For example, 

most people would recognize that $2 for a gallon of gasoline would be a bargain, while $5 for 

the same gallon would be expensive. Or, if told they were about to meet someone 5’ tall, they 

would have a good sense of the person’s approximate height.  

Very Large Numbers 

The activity that follows, An Introduction to Very Large Numbers, will provide students 

with “benchmarks,” ways of realizing how big one trillion is compared to one billion, how big 

one billion is compared to one million, and so on.  For most students, these numbers (million, 

billion, trillion) have no contextual meaning. By using the examples in this activity, students are 

able to give those numbers some context. 

____________________________________________________________________________ 

Activity: An Introduction to Very Large Numbers 

Directions: Read each question (in bold) aloud, or put in a PowerPoint presentation.  

Have students estimate answers to each of the questions.  After each question, give the answer 

(provided in italics), and ask any of the follow-up questions, if appropriate, or modify as needed.  

Note that the follow-up questions may be used at any time. 

Question: How long ago was one thousand seconds? (16 minutes, forty seconds ago.) 

Follow-up Questions: What were you doing one thousand seconds ago?  Two 

thousand seconds ago?  About how many thousands of seconds have passed since the 

school day began today? 
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Question: How long ago was one million seconds?  (11 days, 13 hours 46 minutes and 40 

seconds ago).  Note: You should calculate approximately when this occurred, based 

on the day/time you give this question to the students. 

Follow-up Questions: How many million seconds have passed since the beginning 

of the month?  Of the year?  Since the beginning of the school year? 

Question: How long ago was one billion seconds? (Approximately 31 and one-half years.  As 

of the writing of this document in February 2014, one billion seconds ago occurred in 

June of 1982, so adjust as necessary). 

Follow-up Questions: Are you a billion seconds old?  Do you know someone who 

is?  Do you know someone who is two billion seconds old?  Three billion seconds 

old?  Approximately how many billion seconds old is our state?  Our country? 

Question: How long ago was one trillion seconds?  (One trillion seconds would take 

approximately 31,688 years.  That would have been around 29,675 B.C., which is 

roughly 24,000 years before the earliest civilizations in Egypt and Mesopotamia 

began to take shape.) 

Follow-up Questions: Were you surprised by the size of the difference between one 

million seconds and one billion seconds?  Between one billion seconds and one 

trillion seconds? 

Once students begin to develop this context, you may be able to introduce the following 

questions. Have your students estimate the answers to each question in bold, then have them 

calculate the answers using calculators when needed. Answers are in italics. 

Question 1: You’ve just won one million dollars!  However, the rules require that you have 

to spend it all in one year.  About how much do you have to spend each day? 

(About $2,739.73 per day.) 

Question 2: Suppose you won one billion dollars instead of one million dollars, under the 

same rules.  Now about how much do you need to spend each day? (About 

$2,739,726.03 per day.) 

Introduction to question 3: Go to http://www/usdebtclock.org and look up the U. S. national debt. 

Share this number with your students.  For example, as of February 

10, 2014 at 11:15am Mountain Time, the national debt was 

$17,322,969,722,000. 

http://www/usdebtclock.org
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Question 3: Say this number aloud. (Seventeen trillion, three hundred twenty-two billion, nine 

hundred sixty-nine million, seven hundred twenty-two dollars). How large is this 

number  compared to the numbers in the previous activity? (Answers will vary.) 

Introduction to Question 4: Go to http://www.census.gov/popclock/ and look up the population 

of the United States.  The population of the United States was 

317,510,970 on February 10, 2014.  

Question 4: How much would each person in the country have to pay in order to pay off 

the national debt?  (For the numbers above, the answer would be $54,558.65.) 

Question 5: If our country paid back one billion dollars per day, starting today, without 

adding any more debt and without incurring interest, when would the debt be 

paid off?  (Using the value above, it would take almost 17,323 days. From 

February 10, 2014 that would be June 15, 2061.) 

Question 6: How much money per second would it take to pay off the debt in one year? 

(Using 365 days for one year, $549,307.77 would have to be paid each second to 

eliminate the debt in one year.) 

Question 7: The Gross Domestic Product (GDP) of any state is the total monetary amount 

of all goods and services produced in that state in a given year.  In Arizona, the 

2012 GDP was $230,641,000,000 (According to the U.S. Bureau of Economic 

Analysis).  Suppose Arizona decided to donate its entire GDP to paying off the 

national debt.  How long would it take?  (It would take a little over 75 years.  

This answer assumes the GDP of AZ remains constant, and like the other questions, 

the US debt doesn’t increase or accrue interest.) 

_____________________________________________________________________________ 

Very Small Numbers 

The activity presented below will help students understand a very small number, the 

probability of winning the Powerball® lottery jackpot.  Simply looking at the probability  

𝟏

𝟏𝟕𝟓,𝟐𝟐𝟑,𝟓𝟏𝟎
, gives little to no understanding of its “smallness.”  However, this activity has proven 

in many cases to provide the ‘benchmark’ students need to grasp this idea. 

 

 

 

http://www.census.gov/popclock/
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__________________________________________________________________________ 

Activity: Why You Never Win the Lottery 

Begin the first part of the activity by explaining how the Powerball® lottery works.  If 

the class is sufficiently advanced, you could have them calculate the probability themselves, 

which is how the activity is presented. If not, you can skip the first part of the activity and give 

them the probability of winning, then have them discuss how “small” they believe that number 

is. 

The remainder of the activity involves taking a road trip from Phoenix.  Anyone who has 

been on a road trip realizes how long it takes to drive a great distance. In this particular scenario, 

the distance is 175,223,510 inches! Once students realize that the probability of winning the 

lottery is equal to one inch of distance on this road trip (one possible answer is from Phoenix to 

Augusta, Maine), they will begin to grasp how small their chances are of winning the lottery. 

1. The Powerball® lottery is a game that costs $2.00 to play.  For your two dollars, you get 

five numbers (from a group of 59 numbers) and another number (called the 

“Powerball”) from a separate group of 35 numbers.  To win the jackpot, you must 

match all five numbers and the Powerball®.  What is the probability of this actually 

occurring? 

a) To calculate, select the correct choice: The order in which the first five numbers are 

selected (does, does not) matter.  Therefore, the Powerball® lottery is a 

(combination, permutation). 

b) Using the correct formula, first determine how many “ways” you can choose 5 

numbers from the group of 59 numbers.  Write your work below. (There are 

5,006,386 ways to choose 5 numbers from 59 numbers.) 

c) Each one of those possible ways (the answer from (b) above) can be matched with 

any of the 35 Powerball® numbers.  So, to find the total number of possible “ways” 

to pick numbers for the Powerball® lottery, multiply your answer above by 35.  

Write that solution below. (There are 175,223,510 ways…in other words, this is how 

many distinct Powerball® tickets are possible.) 

d) The probability you will win the Powerball® lottery jackpot is: 

1

175,223,510
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2. That probability is a very small number (conversely, the number of possible “ways” is a 

very large number), and it is difficult to get a feel for exactly how small (or large) the 

number is.  So, let’s try this demonstration:  Suppose you are in Phoenix and decide to 

drive north and east.  You decide to drive a distance of 175,223,510 inches.  

a) How many miles is that? (Approximately 2,765.5 miles.) 

b) Approximately, where will you end up? (List a few possibilities) (Using Yahoo! Maps, 

Portland, Maine is 2746 miles; Augusta, Maine is 2801 miles; and Quebec City, Quebec 

is 2693 miles.  Answers will vary.) 

c) In that entire distance travelled, what would be an equivalent representation of the 

winning Powerball® lottery ticket? (One inch of road from Phoenix to the destination.) 

 

3. Suppose on this trip you averaged 65 miles per hour.  How long would it take you to 

drive to your destination? (About 42.5 hours of driving time.) 

 

4. Do these problems help you understand what the actual numerical probability, 

𝟏

𝟏𝟕𝟓,𝟐𝟐𝟑,𝟓𝟏𝟎
, means?  Explain your thoughts below. (Answers will vary.) 

______________________________________________________________________________ 

Many years ago, after presenting this activity at a conference, one of the participants 

remarked, “Now I can finally explain to my husband why buying 20 lottery tickets really doesn’t 

help all that much.”  This was a fantastic observation.  Although purchasing 20 tickets changes 

the probability of winning from approximately 1 in 175 million to approximately 1 in 9 million, 

which seems like a major change, in “reality” it is the equivalent of travelling 20 inches of road 

between Phoenix and Augusta instead of one! 

Conclusion 

This article looks at one aspect of being numerate: the ability to contextualize very small 

or very large numbers.  In these days of standardized testing, this concept could be easily 

overlooked.  However, it shouldn’t be, as these examples hopefully point out.  In struggling to 

understand very large or small numbers, people may make decisions that are not in their best 

interests.  Becoming more quantitatively literate will allow our students to make better choices 

for themselves.  As pointed out by Davidson and McKinney (2001), “In our information-rich—

some might say information-overloaded—society, QR [quantitative reasoning] skills are 
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especially important. We may no longer need to perform quantitative calculations by hand, but 

we do need to interpret them and judge their accuracy and reasonableness. Few people are 

trained to work with complex mathematical concepts, but all educated citizens should be able to 

understand mathematics well enough to develop informed opinions about quantitative concepts.” 

(Page 1) 
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Grade 6 Students Knowledge of Measurement 

Concepts of Area and Perimeter 

Carol Findell 

Abstract: Although identified by the Common Core Standards in Mathematics as key 

ideas for exploration by grade 3 students, it is the case that grade 6 students have shown minimal 

understanding of measurements formulas and their applications to the solution of challenging 

problems. To assess understanding of perimeter and area, an assessment instrument was designed 

and administered to grade 6 students. In this article, the instrument and results of assessment are 

described. 

The Common Core State Standards for Mathematics (NGA & CCSSO, 2010) expect that 

by the end of grade 3, students understand the concept of area and can relate area to 

multiplication. They should recognize perimeter as an attribute of plane figures and its 

relationship to addition. And they should be able to distinguish between linear and area 

measures. These ideas are not identified in the standards for later grades with the exception of 

grade 5 in which students are expected to be able to convert from square feet to square inches 

when figuring the area of a surface. 

To determine if students have mastered these measurement ideas, a six-item assessment 

tool was designed and administered to about 1000 grade 6 students. In the sections that follow, 

the assessment instrument is described, along with a discussion of results by problem. This 

article concludes with a brief discussion and recommendations, followed by answers to the 

assessment items with percentages of students who correctly solved each.  

 

Measurement Assessment 

Of the six items in the assessment, two are multiple choice, two require short answers, 

and two have multiple sub-questions. Most students completed the assessment in 40 minutes or 

less. 
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Measurement Assessment for Grade 6 

The diagrams in this assessment are not drawn to scale. Include appropriate units with 

every answer on this assessment. 

1. Which is the best estimate for the area of the floor of a typical classroom for 25 students? 

Show or explain your answer. 

 

a) 700 feet    b) 700 square feet   c) 700 cubic feet    d) 700 yards     e) 700 square yards 

 

2. a) What is the area of this playground? 

 Show or explain your answer. 

 

b) What is the perimeter of this playground?  

   Show or explain your answer. 

 

c) One bag of grass seed covers 500 square feet.  

 How many bags of grass seed must you buy to 

cover the playground?  

 Show or explain your answer. 

 

3. The base of a rectangle is 16 cm. 

The perimeter of the rectangle is 40 cm. 

What is the area of the rectangle? Show or explain your answer. 

 

4. This figure is made from five congruent squares.   

 The perimeter of the figure is 120 cm.   

 What is the area of the figure in sq. cm? 

 Show or explain your answer. 

 

 a) 5 sq. cm b) 50 sq. cm c) 24 sq. cm d) 500 sq. cm   e) 600 sq. cm 

 

5. Jo has three squares. Each square has side lengths of 4 inches.  

Ana has one square with side lengths of 1 foot.  

 

a) Compute the sum of the areas of Jo’s squares. Show or explain your answer. 

 

b) Compute the area of Ana’s square. Show or explain your answer. 

 

c) Which has the greater area? Show or explain your answer. 

 

Playground 
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6. The square contains two smaller squares, A and B, with areas of 

16 square meters and 9 square meters respectively.   

 What is the perimeter of the shaded region in number of meters? 

  Show or explain your answer. 

 

Results 

In general, the majority of students did not recall that area is measured in square units 

(the total number of one-unit squares to cover a figure), and that perimeter describes the distance 

around a figure and is measured in linear units. Students also had difficulty calculating areas and 

perimeters of non-rectangular polygons. Results and comments by problem, follow. 

Problem 1: Estimating the floor area of a typical classroom was answered correctly by 

slightly more than half the students, but less than 25% could describe their reasoning. 

Problem 2: Calculating the area and perimeter of an irregular polygon was problematic for 

many students. Fewer than 25% calculated the area correctly. Only 5% could figure out the 

perimeter. Only 10% determined the correct numbers of bags of grass seed needed. 

Problem 3: Computing the area of a rectangle given its perimeter and base length was solved 

by 25% of the students. Only 25% could describe their reasoning, and only 20% gave correct 

units. 

Problem 4: Students were given the perimeter of the “cross” made from five congruent 

squares and had to calculate the area of the shape. Only 25% solved this problem correctly 

and only a third of those with correct solutions could describe their reasoning. 

Problem 5: This three-part problem required students to calculate the areas of several 

squares given information about the side lengths of each, and then compare their area 

measures. About 33% correctly computed the areas. However, the vast majority of students 

did not recognize that to compare areas, the areas needed to use the same measurement units. 

Most students did not recall that 1 square foot is 144 square inches. 

Problem 6: The final problem, to compute the perimeter of an irregular shape formed from 

two squares embedded in a larger square, was solved by only 4% of the students. 

 

Conclusion 

 The wake-up call from this assessment is that students’ experiences with measurement 

have not been sufficiently robust or demanding to ensure understanding and recall. To enhance 

A 
  B 
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understanding of concepts of area and perimeter, students must be presented with a variety of 

plane geometric figures, including both those that are concave as well as convex. In any 

measurement activity, numerical solutions must be labeled with the appropriate units. Without 

common units, perimeters and areas cannot be compared. The latter requires that students be able 

to convert among measurement units, as illustrated above with the 1 square foot. 

 

Solutions to the Measurement Assessment  

 Note that all problems were scored one point for the correct answer as well as one point 

for the correct usage of measurement units.  For explanations, 1 or 2 points were awarded. 

Percentages indicate the number of students who correctly solved each problem, as compared to 

the total number of students who responded to each problem. 

 

1.  Answer (b): 62.5% ; Explanation (square units and 700 square yards is too large) 12% 

 

2.  a. Answer: (10,200 square feet) 12%; Units: (square feet) 33%; Explanation: (80•150 – 30•60 = 

10,200) 26% 

b. Answer (580 feet) 5%; Units: (feet) 50%; Explanation: {2(150 + 80 + 60) = 580}40%  

c. Answer: (21 bags) 10%; Units: (bags) 50%; Explanation: (10,200 ÷ 500 = 20 2/5. So, 21 bags are 

needed) 29% 

 

3. Answer: (64 square cm) 24%; Units: (square cm) 20%; Explanation: (Perimeter is 40 cm so each 

pair of adjacent sides adds to 20. So side lengths are 16cm and 4cm. Area is 16•4 = 64 square cm) 

23%  

 

4. Answer: (d, 500 square cm) 24; Explanation: (The perimeter is composed of 3 congruent 

sides of 4 squares, for a total of 12 congruent sides. So each side is 120÷12, or 10 cm. The 

area of each square is 102 or 100 square cm, and the sum of the areas of the five squares is 

500 square cm.) 33% 

 

5. a. Answer: (48 square in.)  31%; Units: (square in.) 21%; Explanation: (The area of each 

square is 4•4, or 16 square in., so the area of  3 of these squares is 3•16, or 48 square in.)  

32%  

b. Answer: 33% (1 square ft or 144 square in.); Units: (square ft or square in.) 21%; 

Explanation:  (1 ft • 1 ft = 1 square ft. In inches, then 12 in. • 12 in. = 144 square in.) 25%  

c. Answer: (Ana’s is greater) 27%; Explanation: (See parts a. and b. Students should compare 

48 and 144 square in.)10% 
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6. Answer: (22 meters) 4%; Units: (meters) 16%; Explanation: (Since squares A and B have 

areas 16 square meters and 9 square meters, respectively, then the sides are 4 meters and 3 

meters respectively, and the side of the large square is 7 meters. The right side of the shaded 

region is 7 – 3 = 4 meters, and the left side is 7 – 4 = 3 meters. The perimeter is then 7 + 4 + 

3 + 4 + 1 + 3, or 22 meters) 47%  
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Student Introduction to Linear Functions 

David McKillop 

Abstract: Function is a major concept that undergirds many topics in mathematics as well 

as in the sciences. In this article, an exploration used to introduce Algebra I students to the 

concept of linear function is described. Attention is given to how a function is derived from a 

measurement activity, and how it is represented and interpreted in a variety of contexts. During 

the conduct of the activity, the students reveal their depths of understanding that may be used to 

develop ensuing lessons. Note: In the conduct of this lesson, there were minimal interruptions to 

teach concepts. The goal of the lesson was not that students should master the big ideas, but 

rather that they have preliminary experience with those ideas. 

To begin the activity, I gave each group of three or four students 6 trapezoids from a set 

of Pattern Blocks. Students first were asked to figure out the perimeter of the trapezoid face of 

one block, using the length of one of its shorter sides as the measurement unit. After all agreed 

that the perimeter was 5 units (1 + 1 + 1 + 2), I had them attach additional trapezoids to make a 

“trapezoid train” (See Figure 1), determine the perimeter of each train, and record the 

information in a table like the one shown in Figure 2. I recommended that students trace the 

blocks to produce pictures of the trains, and use the drawings to figure out the perimeter of each. 

 

 

 

 

 

 

      

 

 

 

When I asked students to predict the perimeters of trains with 7, 8, and 9 trapezoids, 

students continued the “+3” pattern they discovered in the second column of the table to produce 

23, 26, and 29 units, respectively. We discussed how the “+3” pattern in the table related to the 

Number of 

Trapezoids 

Perimeter of 

Train 

1 5 

2 8 

3 11 

4 14 

5 17 

6 20 

FIGURE 2. Trapezoid Train Data FIGURE 1. Trapezoid Trains 
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train. One student quickly pointed out that when one more block is joined to the train, there are 

three additional units of perimeter – two units from the long side and one unit from a side. 

  When I asked them to predict the perimeter of a train of 100 trapezoids, I observed 

students trying to apply the “+3” pattern. I interrupted them immediately and challenged them to 

find an alternative method (rule) that would relate the perimeter to the number of blocks. I 

suggested that they try to figure out what operations to perform on 3 (the number of blocks) to 

generate 11 (the perimeter of that train), and see if that same set of operations would also 

generate 14 from 4 trapezoids and 17 from 5 trapezoids. If they discovered the rule, they could 

perform the same operations on 100 to get the perimeter of that train. Students worked together 

until some groups announced that “multiplying by 3 and adding 2” would work for all trains. 

Other students tested this pattern to confirm that it worked. Then, they all applied these 

operations to 100 to get a perimeter of 302 units. 

Once students described the relationship between the number of blocks and the perimeter 

of a train in words, it was an easy transition to describe this relationship as a function using x as 

the number of blocks and y as the perimeter of the train: y = 3x + 2. Relating this function to the 

train of trapezoids, we talked about what the 3 and the 2 represent: The number of trapezoids is 

multiplied by 3 to account for the 3 units from the top and bottom of each block, and 2 is added 

to account for the 2 units of perimeter from the left and right sides of the entire train. 

Students then graphed this relationship on graph paper with the x-axis labelled “Number 

of Trapezoids” and the y-axis labelled “Perimeter of Train.” After the points from their tables 

had been labeled on the graphs, I asked them to look at (4, 14) and describe the relationship 

between 4 and 14. Once students expressed that 14 was the perimeter of a train of 4 trapezoids 

and that this perimeter of 14 was the result of multiplying 4 by 3 and adding 2, the students 

worked in pairs to describe the relationships between the x’s and y’s of other points. Then I 

directed students to locate the point (6, 20) on their graphs, and beginning from that point,  move 

one unit to the right and then three units up, and label this new point with its coordinate (7, 23). 

Their job was to tell why that point belonged with the other points they had located on the graph. 

Subsequently, students placed a ruler along the labelled points. While everyone noticed 

that a straight line would pass through all points, we talked about what is implied when all points 

are joined by a line. Since this particular relationship involves only whole numbers of blocks, not 

fractional parts, the number of blocks in the train can be any Natural Number. This set of 
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numbers is called the domain of the function. I explained that this relationship is called a linear 

function even though a straight line is not drawn through the points. 

I indicated that a mathematician would say that “This function increases at a constant 

rate,” and asked them what they think the mathematician meant by that statement. This provided 

an opportunity to discuss the connections among the various representations of the function: the 

constant increase of 3 units of perimeter with the addition of each block in the train, the “+3” 

pattern noticed in the table, the coefficient of x in the equation y = 3x + 2, and the constant rise of 

3 units in y for each increase of 1 unit in x for points on the graph. A connection was also made 

to the slope of the line that would pass through the points on the graph. 

My next question to students was to determine how many trapezoids would be in a train 

that has a perimeter of 182 units. Students approached this problem in a variety of ways. Many 

students used a guess-and-check strategy, extending the table or using the function equation, 

until they found that a train of 60 trapezoids resulted in a perimeter of 182 units. A few students 

set up the equation 3x + 2 = 182 and solved it to get x = 60. Through discussions and 

comparisons of strategies, students realized that for larger perimeters, such as 518 or 1085, 

setting up an equation and solving it would be very efficient. 

As a final activity, students were asked to generate other contexts that would be 

represented by the same function:     y = 3x + 2. This resulted in a number of different contexts, 

including the two that follow. 

A. A theatre charges $3 per ticket plus a $2 handling fee when tickets are ordered online. If 

x represents the number of tickets ordered online, y = 3x + 2 represents the total cost of 

tickets in dollars. 

B. Mary is driven 2 km from home. She then walks 3 km per hour in a direction away from 

her home. If x represents the number of hours she walks, y = 3x + 2 represents Mary’s 

distance from home in kilometers. 

Example A offered an opportunity to experience a different context from the perimeter of the 

trapezoid train, but with the same equation, table of values, graph, and domain. While Example 

B is described by the same equation, its domain includes 0 and all positive rational numbers. 

Therefore, its graph will be a line starting with (0, 2) and containing the same points as Example 

A. 
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Conclusion 

Participating in this lesson, students explored a linear relationship modeled with trapezoid 

trains that was represented symbolically as an equation, in a table of related values, in words, and 

as a graph in the coordinate plane. They were exposed to relationship language, including 

function, domain, and constant rate.  The lesson enabled students to get an overview of what 

they would study in greater depth later in the year, and enabled me to witness their talents and 

needs in order to plan future lessons. 
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Return to TOC 

Spring 2014              OnCore 33 
 

Divide and Conquer: 

Making Sense of Division of Fractions 

Linda J. Sheffield and M. Katherine Gavin 

Abstract: Elementary students’ understanding of division of fractions has been identified 

as a unique predictor of high school mathematics achievement. Yet division of fractions remains 

one of the least understood computations by elementary and middle grades students. In this 

article, we report on a highly successful program for sixth graders who learned to write and solve 

contextual fraction division problems with both “group size unknown” and “number of groups 

unknown,” using a variety of models and algorithms for their solutions. 

Overview 

 In a 2007 survey conducted by the National Mathematics Advisory Panel, a 

representative sample of Algebra I teachers reported that their students had the poorest 

preparation with rational numbers, word problems, and study habits (US Department of 

Education, 2008). As noted by Siegler, et al. (2013), “Elementary school students’ knowledge of 

fractions and division uniquely predicts their high school mathematics achievement, even after 

controlling for a wide range of relevant variables, suggesting that efforts to improve mathematics 

education should focus on improving students’ learning in those areas.” That is exactly what this 

article is about. 

The Common Core State Standards for Mathematics (NGA & CCSSO, 2010) states that 

sixth grade students should be able to “apply and extend previous understandings of 

multiplication and division to divide fractions by fractions” (p. 89). Specifically, grade 6 students 

should be able to: 

Interpret and compute quotients of fractions, and solve word problems involving division 

of fractions by fractions, e.g., by using visual fraction models and equations to represent 

the problem. For example, create a story context for (2/3) ÷ (3/4) and use a visual 

fraction model to show the quotient; use the relationship between multiplication and 

division to explain that (2/3) ÷ (3/4) = 8/9 because 3/4 of 8/9 is 2/3. (In general, (a/b) ÷ 

(c/d) = ad/bc.) How much chocolate will each person get if 3 people share 1/2 lb of 
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chocolate equally? How many 3/4-cup servings are in 2/3 of a cup of yogurt? How wide 

is a rectangular strip of land with length 3/4 mi and area 1/2 square mi? 

(CCSSO, 2010, p. 42). 

Try It Yourself 

 Research has shown that division of fractions is very difficult for U.S. teachers as well as 

for their students (Ma, 1999). Before reading any further, try this: Write two different types of 

problems for 1
3

4
÷

2

3
 . One situation should involve equal groups with the group size unknown. 

(How many in one group?) The other situation should involve equal groups with the number of 

groups unknown. (How many groups?)  

“Group Size Unknown” Problems 

 In our project with grade 6 students, study of division of fractions followed multiplication 

of fractions. Students began by comparing fact families for multiplication and division of 

fractions with multiplication and division of whole-numbers. Subsequently, they considered 

problems in which both the total amount and the number of groups are known. Their job was to 

figure out the number in each group. To accomplish this, students were introduced to problems 

from an 1878 mathematics book that had amounts of money written as fractions and mixed 

numbers. The first problem, involving division of a fraction by a whole number, they presented 

the following: “Mr. Allen had $
3

4
 for his three daughters allowance, and each daughter received 

the same amount.” To figure out the amount of allowance for one daughter, students changed the 

1878 amount to an amount they understood, considering the problem of having $15 to share 

evenly among three siblings. Students suggested three solution approaches:  

1) Multiply:  
1

3
 of $15 (

1

3
 x $15)  

2) Divide: $15 ÷ 3  

3) Use a missing factor approach: 3 x ___ = $15. 

These three approaches were then applied to the data in the original problem. 

1

3
 x $

3

4
 , $

3

4
 ÷ 3; and 3 x ___ = $

3

4
.  This investigation led to exploration of the meaning of 

and reasons for “invert and multiply.” Students then compared allowances offered by six 

families in 1878, estimating and creating a variety of models and diagrams as well as 

discussing and writing about the problems (See Figure 1). 
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Following these investigations, students first considered problems involving division of a 

mixed number by a whole number and then problems involving division of fractions and mixed 

numbers by fractions and mixed numbers.  

If 1
3

4
 cups of flour makes 

1

3
 of a recipe, how much flour is needed to make one recipe? 

Again, students compared this to using invert and multiply and missing multiplier 

problems. Students were then challenged to write and solve situations for 1
3

4
÷

2

3
 . Two examples 

are shown in Figures 2 and 3. 

  

2.  Use what you know about fractions to estimate whether their friends would get 

a larger, smaller or the same allowance as the Allen sisters. Be prepared to 

explain your reasoning. 

 

 

 

 

 

 

 

3. Luke’s classmates made the following claims about the allowances. State 

whether you agree or disagree and give your reasons using words and/or 

diagrams. 

a) Each child in one family got the same allowance as each of the Allen 

sisters. 

b) The Earnhart children each got $1/5, which is less than $1/4. 

c) Each child in only one family got a greater allowance than each of the 

Allen sisters. 

The Allen sisters said that they could find that each of their own allowances was $ 
1/4 by multiplying 1/3 x $ 3/4, dividing $ 3/4 ÷ 3, or solving 3 x __ = $ 3/4. 

4. Copy and complete the chart to find the allowance that each child should get if 

each family’s total is split evenly. Use diagrams and equations to help you find 

the exact allowance. Write the allowance as a fraction of a dollar. 

FIGURE 1. Division of Whole Numbers by Fraction 

(Sheffield, Chapin and Gavin, 2010, p.55) 
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FIGURE 2.  Student A’s Representation and Solution of 1
3

4
÷

2

3
 

FIGURE 3.  Student B’s Representation and Solution of 1
3

4
÷

2

3
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Notice in the bar models that both students divided 1
3

4
 cups into 2 equal parts and then 

multiplied this amount by 3 to find the size of one group. This has the same effect as inverting 

the divisor 
2

3
 and multiplying. This can be compared to the word problem and model for the 

“group size unknown” problem. 

 “Number of Groups Unknown” Problems 

To develop an understanding of the “number of groups unknown” contexts, the problem 

of 1
3

4
÷

2

3
 asks “How many groups of 

2

3
 are there in 1

3

4
 ?” In Figure 4, Student C asked how many 

times her 
2

3
 gallon water bottle would have to be filled to reach 1

3

4
 gallons.  

 

 

 

Notice the use of the common denominator algorithm. First, 1
3

4
 is written as 

7

4
. Since the 

water bottle holds 
2

3
 gallon, the student figured out the common denominator for 

 
7

4
 and 

2

3
; and rewrote the division of 

7

4
÷

2

3
as

21

12
÷

8

12
. To solve this problem, there is no need to 

invert and multiply. Simply divide: 
21

12
÷

8

12
=

21÷8

12÷12
=

21÷8

1
= 2

5

8
.  The water bottle would have 

to be filled 2
5

8
 times. Figure 5 shows the same student’s alternate solution strategy using 

drawings and no common denominator. Can you figure out how that last jump from 1
2

3
 to 1 

3

4
 is “ 

1

8
 time?”  

FIGURE 4.  Student C’s Solution of 1
3

4
÷

2

3
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Results 

To measure growth in understanding of fractions, we conducted a research study in which 

343 grade 6 students took a pre- and post-test for the Math Innovations (Sheffield, Chapin, & 

Gavin, 2010) unit under study.  Results showed there were highly significant gains. The range of 

scores from pre-test to post-test was 5.42 to 14.36 with 98% of students making gains. To 

measure achievement for the sixth grade year, students also took a pre- and post open-response 

assessment using CCSSM items from the Smarter Balanced Assessment Consortium’s (SBAC) 

Mathematics Showcase Materials for grades six (SBAC, 2012). Student gains were found to be 

statistically significant and students significantly outperformed a comparison group of sixth 

grade students not in the same program.  In conclusion, we found that using investigations based 

on the CCSSM content and practice standards helped students develop a much deeper and long-

lasting understanding of division of fractions. 
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Who Doesn’t Belong? 

Marian Small 

 Abstract: Open-ended questions have great value in meeting the needs of a broad range 

of students. One particularly interesting type of open-ended question is the “Who Doesn’t 

Belong?” question, where students are confronted with several items that share certain 

characteristics. Looking at them one way, it seems like one item might not belong with the 

others, but looking at them different ways it seems like different items might not belong with the 

others. The strength of these sorts of questions is their development of students’ ability to sort 

and classify mathematical objects from many different perspectives.  These are useful at any 

grade level and in any strand. 

Over the years, I have learned the value of using open–ended questions. These questions 

go beyond those that allow different students to arrive at the same answer using alternative 

strategies; they actually allow for alternative interpretations leading to multiple correct answers. 

One of the strengths of these questions is that every student can be stretched mathematically, 

whether the weakest student or the strongest. For example, if I were to ask, “What is the question 

if the answer is 7?” one student may talk about the age of his sister, while another may talk 

about odd primes or square roots. Another strength of using open-ended questions is that it leads 

to richer classroom conversations about mathematics. 

In the last few years, one of my favorite open–ended question style has been the “Who 

Doesn’t Belong?” type. When using these questions, students are confronted with several items 

that share certain characteristics. Looking at those items one way, it seems like a particular item 

may not belong with the others. But looking at those items in different ways, it seems that there 

may be other items that do not belong. The strength of these sorts of questions is their 

development of students’ abilities to sort and classify mathematical “objects” from many 

different perspectives.  I have learned that these sorts of questions are successful at all grade 

levels and in any strand of mathematics. I construct them so that there is often a solution 

immediately obvious, but other possibilities require more analysis. In this way, every student can 

be successful.  
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Early Grades Examples 

 

 

Some students may focus on how numerals are written and say that 5 does not belong 

because there are “curves” in the numeral and the others are not curved. Others may choose 11 

because it is the only number greater than 10. Still others may choose 4 because it is the only 

even number, or 7 because it is often identified as a “lucky” number. 

 

Some students may choose the shape on the right because it is “unusual” and the other 

shapes are “normal.” Others may choose the triangle because it is the only shape without 4 sides 

or without 4 corners. Still others may choose the square because it is the only shape with all sides 

the same length. 

 

 

Some students may choose 3 + 6 because the result is not 7. Others may choose 3 + 2 + 2 

because it involves three addends instead of two. Still others may choose 9 – 2 because it 

involves subtraction instead of addition, or 6 + 1 because the first number is even and that is not 

true of all other expressions. 

 

Which number doesn’t belong with the others? 

5  7  11  4 

Which addition does not belong with all the others? 

 3 + 6  3 + 2 + 2  9 – 2  6 + 1 

Which shape doesn’t belong with the others? 
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Some students may choose the number of brothers graph because it is the only one not 

about favorites. It is also the only one with number categories. Others may choose the pizza 

graph because there is a “missing” bar. Still others may choose the pet graph because there are 

more than three categories, or the colors graph because it is the only one with two bars that are 

the same size. 

 

     Dog            Cat   Bird      Hamster 

     Favorite Pets 

     Pepperoni        Cheese        Pineapple          

     Favorite Pizza Topping 

      0            1                    2 

     Number of Brothers 

Which bar graph does not belong with all the others? 

     Red         Green      Blue 

     Favorite Colors 
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Some students may choose 41 because all other numbers can be modeled with eleven 

base ten blocks and 41 cannot. Others may choose 911 because it is the only number greater than 

100. Still others may choose 56 because it is the only number without a digit of 1 in its numeral 

representation, or 11 because it is the only number less than 20. 

 

Grades 3 – 5 Examples 

 

Some students may choose 3/8 because it is the only fraction less than ½, or because it is 

the only one with an even denominator.  Others may choose 4/5 because it is the only fraction 

that has no 3 in either the numerator or denominator. Still others may choose 3/5 because it is the 

only fraction that compares two odd numbers instead of a mix of even and odd, or 2/3 because it 

is the only fraction that cannot be written as a terminating decimal. 

 

 

Some students may choose 9 x 8 because it is the only product of two single-digit 

numbers or because it is the only one with a product less than 100. Others may choose 19 x 23 

because it is the only multiplication with a product that does not have a leading 7, or because it is 

the only one with an odd product. Still others may choose 33 x 22 because it is the only product 

that does not have a 9 as one of its digits. 

 

Which number does not belong with the others? 

56  911  11  41 

Which fraction does not belong with the others? 

3/5   2/3       3/8          4/5 

Which multiplication does not belong with the others? 

33 x 22  91 x 8   9 x 8                 19 x 23 
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Some students may choose the second equation because it is the only one with a solution 

that is not 6. Others may choose the last one because it is the only one with a subtraction symbol, 

or because it is the only one you solve by adding the numbers that are given instead of 

subtracting them.  Still other students may choose the third one because it is the only one the 

unknown to the left of the equal symbol. 

 

 

Some students may choose 2/5 x 3/5 because its product is the only answer less than 1/2, 

whereas others may choose it because it is the only one in which the denominators of both given 

fractions are the same number, or are both odd numbers. Others may choose 11/10 – 1/5 because 

it is the only one in which one of the given fractions is greater than 1. Still others may choose it 

because it is the only one in which there is no 3 as a numerator or denominator in the expression.  

 

 

Some students may choose the third shape because there are no perpendicular sides (or no 

right angles). Others may choose the triangle either because it does not have four sides or 

because it has no parallel sides. Still others may choose the square because it is the only one with 

all sides congruent. 

  

Which equation does not belong with the others? 

15 = 9 + [ ]  12 = 7 + [ ]  8 + [ ] = 14   3 = [ ] – 3 

Which computation does not belong with the others? 

2/3 + 1/4 = [ ]  11/10 – 1/5 = [ ]       3/10 + 2/3= [ ]        2/5 x 3/5 = [ ] 

 Which shape does not belong with the others? 
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Grades 6 – 8 Examples 

 

Some students may choose 27 = 3x because there is no addition or subtraction involved, 

whereas others may choose it because there is no coefficient of 2. Others may choose 24 – 2y = 6 

because the variable is y and not x, or because it is the only equation involving subtraction.  Still 

other students may choose 8 + 2x = 24 because the solution is not 9.  

 

Some students may choose 8 – 1 because the value is +7, rather than –7. Others may 

choose (–4) + (– 3) because there are parentheses or because there is a + sign. Still others may 

choose 5 – 12 because the first integer is odd.  

 

Some students may choose 150% of 40 because it is the only percent. Others may choose 

1/4 x 240 because it is the only one involving a fraction, or 0.6 x 60 because it is the only one 

involving a decimal. Still other students may choose 0.6 x 60 because it is the only one that is not 

60, or 2 x 30 because it is the only one involving only whole numbers. 

 

Some students may choose 32 x 52 x 72 because there are three powers multiplied together 

instead of two. Others may choose 22 x 42 because it is the only one not factored exclusively into 

primes. Still others may choose 23 x 32 because it is the only involving cubes and not just 

squares, or because it is the only one that cannot be rewritten as the square of a single integer. 

 

 

Which equation does not belong with the others? 

27 = 3x                   2x + 5 = 23  24 – 2y= 6            8 + 2x = 24 

Which integer calculation does not belong with the others? 

 (–4) + (– 3)               5 – 12                   8 – 1                 – 6  – 1      

Which calculation does not belong with the others? 

1/4 x 240                  150% of 40                 2 x 30                      0.6 x 60 

Which factorization does not belong with the others? 

22 x 32       22 x 42               32 x 52 x 72            23 x 32 
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Some students may choose the parallelogram because it is the only one that does not have 

an area of 16 square inches. Others may choose the hexagon on the lower right because it is the 

only one in which a single measurement formula is not applied once. Still others may choose the 

triangle because halving is involved in determining the area. 

 

Summary 

In each of the cases presented, and there could have been so many more, students are 

encouraged to think flexibly and to consider alternatives. This is an important mathematical 

practice to develop. 

Marian Small, the former Dean of Education at the University of New 

Brunswick, writes and speaks about K-12 math across the country. Her focus 

is on teacher questioning to get at the important math, to include all students, 

and to focus on critical thinking and creativity. 

Some resources she has written include Good Questions: A Great Way to 

Differentiate Math Instruction, More Good Questions: A Great Way to Differentiate Secondary 

Math Instruction, Eyes on Math,  Leaps and Bounds toward Math Understanding (at several 

levels), Uncomplicating Fractions, and, soon to come out: Uncomplicating Algebra.  

8” 

2” 

8” 

4” 

8” 

3” 
6” 

4” 

2” 
3” 

Which shape does not belong with the others?   
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There Are 10 Kinds of People… 

Terry Crites and Shannon Guerrero 

Abstract: An understanding of place value is important to the mathematical development 

of every student. Understanding place value, in the context of numbers and operations in Base-10 

(grades K-5) and extension of that understanding into alternative number systems (grade 6-8), is 

cited as a key concept in Arizona’s College and Career Ready Standards - Mathematics 

(AZCCRS-M) (ADE, 2010).  One way to gain insight into the Base-10 system is to represent and 

understand numbers and operations in alternative number-base systems, such as the Base-2 or 

binary number system. Many interesting and practical problems occur that have only two 

possible outcomes: “True” or “False,” “Yes” or “No,” or “In” or “Out,” This article describes 

ways in which binary “thinking” and an understanding of the Base-2 number system can help 

students increase their abilities to solve a variety of mathematical problems. 

 

Introduction 

 According to the mathematical joke, “There are 10 kinds of people—those who 

understand binary and those who don’t.” Although meant to be witty, this statement has a serious 

side to it as well. Number concepts and skills have long been a foundation of the mathematics 

curriculum, using both Base-10 and non-Base-10 systems (Mueller and Moser 1954; Niven 

1957; Gibb, Jones, and Junge 1959; Osborne and Crosswhite 1970; Glaser 1971).  

The use of 10 as the base of our number system is probably biological since we have 10 

fingers. However, any counting number greater than one could be used as the base (or radix) of a 

number system. Base-2 and Base-16 number systems are used in computer science. Buffon, the 

eighteenth century French mathematician notable for the Buffon Needle Problem, advocated a 

Base-12 number system arguing that 12 has four divisors (excluding 1 and itself) while 10 only 

has two. The Mayans used a Base-20 number system. A form of a Base-5 number system is 

attributed to merchants in Maharashtra (Ifrah 1985), a state in India. 

Of particular interest is the binary (Base-2) number system because of its association with 

what we call binary thinking. There are many problem contexts that can be abstracted to 

choosing one of two possible options, for example, “True” or “False,” “Yes” or “No,” or “In” or 

“Out.” Furthermore, since there are only two options, these abstractions can often be encoded as 
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a binary number. Binary thinking is the ability to examine the mathematical underpinnings of a 

problem’s context, appropriately identify the context as being binary (conceptually), and then to 

abstract the context to solve the problem. 

The abilities to represent concepts in multiple ways and to solve mathematical problems 

are two of the five process standards addressed in both NCTM’s Principles and Standards for 

School Mathematics (2000) and, more recently, in the Common Core State Standards for 

Mathematics (2010) in its Standards for Mathematical Practice. Specifically,  

 Make sense of problems and persevere in solving them. 

o Make meaning of a problem and look for entry points to its solution 

o Analyze givens, constraints, relationships, and goals 

o Develop a plan 

o Monitor and evaluate progress and change course if necessary 

o Determine if the answer makes sense 

 Model with mathematics. 

o Solve problems arising in everyday life 

o Apply assumptions and approximations to simplify complicated tasks 

o Use tools and mathematical representations (e.g., diagrams, graphs, formulas) to 

simplify tasks 

o Analyze relationships mathematically to draw conclusions 

 Reason abstractly and quantitatively. 

o Make sense of quantities and their relationships 

o Decontextualize and contextualize as needed during the problem solving process 

to connect referents, symbols, and representations 

o Create a coherent representation of the problem at hand 

In this article, we present and discuss several seemingly unrelated problems that are 

essentially identical in terms of the underlying, binary-based mathematics. These mathematically 

rich problems illustrate the importance of being able to look beyond the context of a problem and 

develop a conceptual understanding of the mathematics involved. Furthermore, we argue that 

promoting student thinking about and representation of numbers in non-decimal bases can 

strengthen students’ problem-solving abilities and conceptual understanding of Base-10 numbers 

and operations. 
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Place Value in Base-2 

The awareness that numbers can be represented in any base is critical to a deep 

understanding of place value. While most students are able to compute fluently within the Base-

10 system, the conceptual understanding of the underlying structure and reasoning for many of 

our standard algorithms escapes them. Often, performing mathematics in other bases uncovers 

the underlying structure of place value and lends insight into common processes such as 

grouping (carrying) and regrouping (borrowing). For example, the fundamental reasoning for 

“carrying a one” in Base-10 and its relationship to regrouping 10 elements from any single place 

value column into a single element in the subsequent column is highlighted when performing the 

same process in an alternative base. When asked to perform this seemingly standard algorithm in 

an alternative base, most students are unclear how many elements are needed to “carry a one” 

and what, and how, values get regrouped. This failure to transfer understanding of numbers and 

operations in Base-10 to other bases indicates a lack of true conceptual understanding of the 

mathematical underpinnings of the nature of numbers and their computational algorithms. 

In Base-2, objects are collected in groups of 2—two objects are put into one group of 2, 

two groups of 2 are collected into one group of 4, two groups of 4 are combined into one group 

of 8, and so on. Therefore, any number may be written using only the numerals “0” and “1”. 

Binary Problems 

Below are two problems that illustrate the power of binary thinking. While the problems 

are set in different contexts, they both have the same underlying mathematics and foundation in 

Base-2. Using these problems can help students look beyond a problem’s surface features and 

discover the mathematical concepts that form its foundation. For each of the problems presented 

below, we encourage the reader to first attempt the problem before reading the solution and 

explanation.  

Problem 1: Links in a Bracelet, from Martin Gardner’s book Aha! Insight (1978), 

illustrates the difficulty in recognizing mathematically similar problems and the need for students 

to have a deep understanding of place value. In this problem, students have to figure out the 

fewest number of cuts of a chain link bracelet to satisfy the requirements of the problem 

situation. 



Return to TOC 

Spring 2014              OnCore 50 
 

Binary Problem 1: Links in a Bracelet 

Gloria, a young lady from Arkansas, is visiting in California. She wants to rent a 

hotel room for a week. The clerk is very unpleasant.  

Clerk: “The room is $100 per day and you have to pay cash.” 

Gloria: “I’m sorry sir, but I don’t have that much cash. However, I do have this 

solid gold bracelet. Each of its seven links is worth more than $100.”  

Clerk: “Alright, give me the bracelet.”  

Gloria: “No, not now. I’ll have a jeweler cut the bracelet so I can give you 1 link 

a day. Then, when I get some money at the end of the week, I’ll redeem 

it.”  

The clerk finally agreed. Gloria had to decide how to cut the bracelet and realized 

she didn’t have to cut all the links because she could trade pieces back and forth. How 

many cuts would you make? 

Gardner, 1978, pp. 26-27 

 

The solution (see Figure 1) is readily apparent if students are thinking in terms of Base-2, 

but less clear if applying other problem solving strategies. 

 

FIGURE 1. Links in a Bracelet solution. 

 

Solution: 

Only one cut is needed in the seven-link chain—the third link from either end. Gloria 

would then have chains with one link, two links, and four links, which can be used to represent 

any number from 1 to 7. For example, on the fifth day, Gloria would owe the clerk $500 and 

2 4 

Cut 1 

1 = 1 cut line 
2 = 2 
3 = 2 + 1 
4 = 4 

5 = 4 + 1 
6 = 4 + 2 
7 = 4 + 2 + 1 
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would need to give him five links. She could give him a chain with one link and a chain with 

four links. 

To help students better understand the connection between the problem and the 

underlying mathematics, good follow-up questions are: “If Gloria wanted to stay 10 days, how 

many links would her chain need? What is the fewest number of cuts needed?” The strategy of 

cutting the bracelet into link lengths equivalent to the first several Base-2 numbers allows 

students to make any combination of numbers using the values 1, 2, 4, 8, and so on. 

Problem 2: The second problem in this section, also taken from Gardner’s book Aha! 

Insight (1978), further illustrates how each number has a unique representation in any place-

value system. 

Binary Problem 2: Overweight Pills 

     A drugstore received a shipment of ten bottles of a certain drug. Each bottle contains 

one thousand pills. The pharmacist, Mr. White, had just put the bottles on the shelf when 

a telegram arrived. It read, “Urgent. Do not sell any pills until all bottles are checked. 

By mistake, an unknown number of bottles are filled with pills that are 10 milligrams too 

heavy.” Mr. White was furious. What should he do? 

Gardner, 1978, pp. 23-25 

 

Mr. White can determine which bottles contain the heavy pills with only one weighing. 

He does so by taking one pill out of the first bottle, two pills out of the second bottle, four pills 

out of the third bottle, eight pills out of the fourth bottle, and so on. Mr. White then weighs the 

1,023 pills all at once. By determining the weight of the pills and knowing that each pill is 10 

milligrams too heavy, Mr. White can use the unique representation of the total additional weight 

using Base-2 representation to determine which bottles contained the too heavy pills. If, for 

example, the pills are 3,390 milligrams too heavy, then there are 339 heavy pills. And, since 339 

= 1 + 2 + 16 + 64 + 256 = (1 x 20) + (1 x 21) + (0 x 22) + (0 x 23) + (1 x 24) + (0 x 25) + (1 x 26) + 

(0 x 27) + (1 x 28) + (0 x 29), the heavy pills must be in the first, second, fifth, seventh, and ninth 

bottles! 

Problem posing and other inquiries may be used to help hone students’ problem solving 

skills and conceptual understanding of place value. Sample questions include  

 What would you do if each bottle contained less than 1,000 pills? More than 1,000 pills? 
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 Would your solution method work if there are 15 bottles that contain one thousand pills 

each? What if there are 8 bottles that contain one thousand pills each? 

 Is there a relationship between the number of bottles of pills and the number of pills in 

each bottle? 

The two problems above illustrate how conceptual knowledge of place value is useful in 

solving a wide range of seemingly different problems. The underlying mathematics of each of 

the problems is the same: Any number can be uniquely represented in any Base-b number 

system, where b is a whole number greater than 1. About the only downside to the binary 

number system is that it usually takes more digits to represent a number in Base-2 than it does in 

other bases. For example, there are 7 digits in the binary representation of 100 [since 100 = (0 x 

20) + (0 x 21) + (1 x 22) + (0 x 23) + (0 x 24) + (1 x 25) + (1 x 26) = 11001002]. Hence, working in 

Base-2 becomes very cumbersome and perhaps tedious, even when the numbers are relatively 

small.  

Binary Counting Problems 

An idea closely related to (but more general than) the binary number system is “binary 

thinking.” This is the ability to analyze and solve problems that have only two possible outcomes 

or states of being, for example, “yes” or “no,” “off” or “on,” “blue” or “green,” “male” or 

“female.” The multiplication principle gives a relatively easy way to count the number of ways 

an event can occur: If Event A has a outcomes and Event B has b outcomes then the number of 

outcomes in the event consisting of performing Event A followed by Event B is a x b. In the case 

of binary problems, a = b = 2, and the result is always a power of 2. 

Below are two problems that illustrate the power of binary thinking. These problems are 

mathematically similar and demonstrate how students’ problem solving abilities can be 

strengthened by being exposed to problem situations in Base-10 that apply binary thinking 

strategies. 
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Binary Counting 1: The Unlisted Phone Number 

Bob: By the way Helen, you haven’t given me the unlisted phone number of your 

new house yet. 

Helen: We’re not really supposed to give it out, but I will answer 24 yes or no 

questions about it for you. 

Bob: But Helen, there are almost 10 million possible phone numbers. How could I 

ever guess the number in just 24 questions? 

How can you guess anyone’s seven digit phone number in 24 questions or less? 

Gardner, 1978, pp. 74-75 

 

This problem is easily (although not efficiently) solved using a technique from computer 

science called a binary sort. Assuming that Helen’s phone number can consist of any seven 

digits, the total number of possible phone numbers can be calculated using the multiplication 

principle. With a choice of 10 digits (0 through 9) for each of the 7 digits in a telephone number, 

there is a total of 107 = 10,000,000 different telephone numbers. (There are actually less than 

10,000,000 possible phone numbers since a phone number cannot begin with 0 and some phone 

numbers are restricted from being used.) Using a binary sort, the number of seven-digit phone 

numbers that could belong to Helen is halved each time a “yes-no” question is asked.  

For example, the first question would be, “Is your phone number greater than 

5,000,000?” If the answer is “Yes,” then the second question is, “Is your phone number greater 

than 7,500,000?” If the answer to the second question is “No,” (the phone number must be 

between 5,000,000 and 7,500,000) then the third question is, “Is your phone number greater than 

6,125,000?” Each time this process is repeated, the number of possible phone numbers is cut in 

half. By cutting 10,000,000 in half no more than 24 times (223 =8,388,608 and 224 = 16,777,216), 

the exact phone number can be identified. 

The next problem is conceptually similar to the previous one even although the context 

would suggest otherwise. However, instead of successively cutting the total number of possible 

phone numbers in half to determine a unique phone number, we are successively doubling 

numbers to determine the total number of subsets of a set. 
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For example, if A = {a, b, c}, then there are eight subsets of A: { }, {a}, {b}, {c}, {a, b}, 

{a, c}, {b, c}, and {a, b, c}. It is no coincidence that a set with three elements has 23 = 8 subsets. 

When constructing a subset of A, you have to make a decision to include each of the elements a, 

b, and c. For each element, you have two choices: include it in the subset or do not include it in 

the subset. With three elements, you have three decisions and two choices for each decision. So, 

there are 2 x 2 x 2 = 23 = 8 different subsets of A. In general, a set with n elements will have 2n 

subsets.  

Consider making different types of pizzas with various combinations of toppings. For 

example, suppose you have a choice of cheese plus any combination of three other toppings 

(e.g., pepperoni, sausage and/or peppers), how many different pizzas could you make? This 

problem is the same as figuring out how many subsets a set with three elements has. For 

example, you may choose to include or not include pepperoni, to include or not include sausage, 

and to include or to not include peppers. You have three decisions to make (one for each of the 

toppings) and have two choices (to include or not include) for each of the decisions. By the 

reasoning above, there are 23, or 8 different pizzas. 

Summary 

The purpose of this article was to present and discuss ways in which students could be 

encouraged to develop proficiency related to the Standards of Mathematical Practice of problem 

solving, reasoning, and modeling. By looking beyond the context of a problem situation and 

examining the role of place value in developing a solution, students develop a stronger 

conceptual understanding of the structure of numbers and the role of place value in problem 

solving. Although not directly included as a mathematics standard in the ACCRS-M (2010), 

exploring problem situations and examining the structure of a Base-2 number system promotes 

critical thinking, problem solving, and deep conceptual understanding of numbers, operations, 

and place value in our Base-10 number system.  

 

 

 

Binary Counting 2: Subsets of a Set 

 
How many subsets does a set have? 
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